
http://www.elsevier.com/locate/jat
Journal of Approximation Theory 124 (2003) 139–153

On the values of continued fractions: q-series$

Tapani Matala-aho�

Matemaattisten tieteiden laitos, Linnanmaa, PL 3000, 90014 Oulun Yliopisto, Finland

Received 1 May 2001; accepted in revised form 1 August 2003

Communicated by Mourad Ismail

Abstract

Using the Poincaré–Perron theorem on the asymptotics of the solutions of linear

recurrences it is proved that for a class of q-continued fractions the value of the continued

fraction is given by a quotient of the solution and its q-shifted value of the corresponding q-

functional equation.
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1. Introduction

In the Archimedean case it is known that the values of continued fractions in
certain q-continued fraction cases can be given by quotients of q-series. As examples
we mention the continued fractions of Rogers–Ramanujan
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where

HðtÞ ¼ ðqt=a1ÞNðqt=a2ÞN
ðqtÞ

N
ð1	 tÞ

XN
n¼0

ð1	 tq2nÞðtÞnða1Þnða2Þnqnð3nþ1Þ=2ðat2Þn

ðqÞnðqt=a1Þnðqt=a2Þn

ð3Þ

and a ¼ 	1=a1a2; b ¼ 	1=a1 	 1=a2 [3].
Our Theorem 1, which is valid also in the non Archimedean metrics, will find

values for a rather wide class of q-continued fractions including the continued
fractions (1) and (2) as special cases. However, sometimes our results have very
different representations from earlier work, as may seen in the following application
of Theorem 1:
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where

FðtÞ ¼ ðqt=a2ÞN
XN
n¼0

ða1Þnqðn
2
Þ

ðqt=a2ÞnðqÞn

	qt

a1
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ð5Þ

and a ¼ 	1=a1a2; b ¼ 	1=a1 	 1=a2:

2. Notations

The most important class of q-series consist of the q-hypergeometric (basic) series

kFl

a1;y; ak

b1;y; bl

� ����q; t

�
¼
XN
n¼0

ða1Þn?ðakÞn

ðqÞnðb1Þn?ðblÞn

tn;

which are defined by using the q-factorials ðaÞ0 ¼ ða; qÞ0 ¼ 1 and ðaÞn ¼ ða; qÞn ¼
ð1	 aÞð1	 aqÞyð1	 aqn	1Þ for nAZþ: We also use ðb; aÞ0 ¼ 1 and ðb; aÞn ¼
ðb 	 aÞðb 	 aqÞyðb 	 aqn	1Þ for nAZþ: Hence ðaÞn ¼ ð1; aÞn and especially

ðqÞn ¼ ð1	 qÞyð1	 qnÞ:
By p we mean an element of the set P ¼ fNg,fpAZþ j p is a primeg and we

shall use the notation j j
N

¼ j j for the usual absolute value of C and j jp for the p-

adic valuation of the p-adic field Cp; the completion of the algebraic closure of Qp;

normalized by jpjp ¼ p	1:

In the following we shall study convergence of the continued fraction
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that is, we will determine the limit

lim
n-N

An

Bn

ð7Þ
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of the convergents An=Bn; where An and Bn satisfy the recurrences

An ¼ bnAn	1 þ anAn	2; Bn ¼ bnBn	1 þ anBn	2 8nX2 ð8Þ

with initial values

A0 ¼ b0; A1 ¼ b0b1 þ a1; B0 ¼ 1; B1 ¼ b1: ð9Þ

By the value of the continued fraction (6) we mean the limit (7) when it does exist.
Here we note that the continued fraction development using a functional equation,
say (11), and starting from FðtÞ=FðqtÞ does not necessarily converge to the value
FðtÞ=FðqtÞ; see Perron [18].

3. q-Continued fractions

Through this work we suppose that jqjpo1 in the given valuation p:

Theorem 1. Let sX1; q; tACp; S0T0a0; jS0jpp1: Then

K
N

n¼1
T0 þ T1t þ?þ Tlt

l tsqsðn	1ÞðS0 þ S1tqn þ?þ ShthqhnÞ
T0 þ T1tqn þ?þ Tlt

lqln

�����
 !

¼ ðS0 þ S1 þ?þ ShthÞ T0

S0

GðtÞ
GðqtÞ; jqjpo1; ð10Þ

where G : Cp-Cp is an analytic function such that FðtÞ ¼ txGðtÞ is a solution of the

functional equation

tsFðq2tÞ ¼ 	ðT0 þ T1t þ?þ Tlt
lÞFðqtÞ þ ðS0 þ S1t þ?þ ShthÞFðtÞ ð11Þ

satisfying qx ¼ S0=T0 and FðqtÞa0: Moreover, if h ¼ 0; then G : Cp-Cp is entire

function. The convergence in (10) is uniform with respect to variable t in every bounded

subset of Cp:

So the value of the q-fraction (10) is a quotient of power series converging in some
disk jtjpor: Sometimes, such as in Corollary 2, case (20), the value of (18) is given as

a quotient of entire functions even ha0: This phenomenon occurs when there exist
series transformations which give the analytic continuation of GðtÞ to all of Cp:

The following corollary gives an example of the q-fraction, which value is given
directly by a meromorphic function in Cp:

Corollary 1. Let a; b; c; qACp; then
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qn
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GðtÞ
GðqtÞ; ð12Þ
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where

GðtÞ ¼
XN
k¼0

gktk; g0 ¼ 1; g1 ¼ ðab þ qÞ=ðqa2ð1	 qÞÞ; ð13Þ

gkþ2 ¼
qk

a2ð1	 qkþ2Þððabq þ qkþ3Þgkþ1 þ acgkÞ 8kAN: ð14Þ

In this work we will not touch explicitly on applications where the polynomials
anðq; tÞ and bnðq; tÞ are of degree more than two in t: In Corollary 2 the value of a q-
continued fraction, where anðq; tÞ is at most second degree and bnðq; tÞ is at most first
degree polynomial in t; is given as a quotient of q-hypergeometric series. This should
be compared to the earlier considerations [1,2,5,7–16,19,20], where frequently the
polynomials anðq; tÞ and bnðq; tÞ have quite low degrees with respect to t: In [6] a
value of continued fraction with degrees 4 and 2 for anðq; tÞ and bnðq; tÞ; respectively,
is given by a quotient of q-hypergeometric series.

Corollary 2. Let A;B;C;D; qACp; then
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and

l ¼ A

2BC
ðD þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4Bq

p
Þ; g ¼ A

2BC
ðD 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4Bq

p
Þ:

Equivalently to Corollary 2 we have
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Corollary 2 includes the Rogers–Ramanujan continued fraction (1) as the special
case A ¼ C ¼ 1; B ¼ D ¼ 0: The corresponding p-adic result for the Rogers–
Ramanujan continued fraction is proved in [16].

The q-continued fraction

K
N
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1þ Dt

Aqnt

1þ Dqnt

����
� �

ð21Þ

has been extensively studied in the last century. By Corollary 2 the continued
fraction (21) has the value
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where
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2
Þ
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ðDtÞn ð23Þ

and

GðtÞ ¼
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n¼0

qn2

ð	DÞnðqÞn

ðAtÞn: ð24Þ

The q-fraction (21) appears in Entry 15, Chapter 16 of Ramanujan’s second
notebook, see [1,7], there the value of the q-fraction (21) in t ¼ 1 and b0 ¼ 1 is given
by
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Aqn
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¼ FðAÞ
FðqAÞ; FðtÞ ¼

XN
n¼0

qn2
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tn: ð25Þ

On the other hand, if we replace q by q2 and put then D ¼ bq; A ¼ a and t ¼ 1 in
(22) and (23), then we get the result
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aq2n

1þ bq2nþ1

����
� �

¼ Fð1Þ
Fðq2Þ; jqjpo1; ð26Þ

where

FðtÞ ¼
XN
n¼0

ð	aq=b; q2Þnqn2

ðq2; q2Þn

ðbtÞn; ð27Þ

proved by Carlitz [10] and in the special case a ¼ b by Gordon [12].
The q-fraction

K
N

n¼1
1þ D

Aqn þ Bq2n

1þ Dqn

����
� �

ð28Þ

appears in Ramanujan’s lost notebook and is studied in [9] formula ðIVÞR: The value

of (28) may deduced from (18) and (20) and we note that result (4) comes as a special
case.
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The identity

K
N

n¼1
1

k þ qn

1

����
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¼ K
N

n¼1
a

qn

aþ bqn

����
� �

; ð29Þ

where a ¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4k

p
Þ=2 and b ¼ ð	1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4k

p
Þ=2; has been considered by

Ramanujan and proved recently in [8]. In identity (29) we note that the second
continued fraction falls in the class of continued fractions studied in Corollary 2.

Here we note that modifying our proof of Theorem A we may study also certain q-
fractions, where s ¼ 0: Then it is possible to study the first q-fraction in (29) and also
we may study certain q-fractions, which have connections to orthogonal
polynomials, see [2].

4. Second order q-functional equations

We shall use the operator J ¼ Jt defined by

JFðtÞ ¼ FðqtÞ

satisfying

JðFGÞ ¼ JFJG

whenever the scalar or matrix product of F and G is defined.
Let FðtÞ satisfy the q-functional equation

NðtÞFðq2tÞ ¼ 	A0ðtÞFðqtÞ þ B0ðtÞFðtÞ ð30Þ

of lowest order, where NðtÞ;A0ðtÞ;B0ðtÞACp½q; t�: Equivalently in the matrix form we

have

NJ
JF

F

� �
¼

	A0 B0

N 0

� �
JF

F

� �
ð31Þ

or

NJL ¼ P0L; ð32Þ

where J operates to the 2-vector L and P0 is the 2� 2 matrix. When we denote

½F �n ¼
Yn	1

i¼0

JiF ; ½F �	n ¼ 1 8nAN;

then we may write

½N�nþ1Jnþ2F ¼ ð	1Þnþ1
AnJF þ ð	1Þn

BnF 8nX	 2; ð33Þ

where A	1 ¼ 1; B	1 ¼ 0 and A	2 ¼ 0; B	2 ¼ 1: Consequently

½N�nþ1Jnþ1L ¼ PnL 8nX0; ð34Þ
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where

Pn ¼ ð	1Þnþ1
An ð	1Þn

Bn

ð	1Þn
JnNAn	1 ð	1Þn	1

JnNBn	1

 !
: ð35Þ

Eq. (32) operated by Jnþ1 implies

Jnþ1NJnþ2L ¼ Jnþ1P0Jnþ1L: ð36Þ

Multiplication of (36) by ½N�nþ1 and the use of (34) give

½N�nþ2Jnþ2L ¼ Jnþ1P0PnL: ð37Þ

Hence by (34) and (37) we get

Lemma 1.

Pnþ1 ¼ Jnþ1P0Pn 8nAN: ð38Þ

This fundamental recurrence form implies the following lemmas.

Lemma 2. The polynomials AnðtÞ and BnðtÞ satisfy the linear recurrences

AnðtÞ ¼ JnA0ðtÞAn	1ðtÞ þ JnB0ðtÞJn	1NðtÞAn	2ðtÞ;

BnðtÞ ¼ JnA0ðtÞBn	1ðtÞ þ JnB0ðtÞJn	1NðtÞBn	2ðtÞ 8nAN ð39Þ

with initial values A	1 ¼ 1; B	1 ¼ 0 and A	2 ¼ 0; B	2 ¼ 1:

Proof. From formulae (35) and (38) we get

ð	1Þnþ1
An ð	1Þn

Bn

ð	1Þn
JnNAn	1 ð	1Þn	1

JnNBn	1

 !

¼
	JnA0 JnB0

JnN 0

� � ð	1Þn
An	1 ð	1Þn	1

Bn	1

ð	1Þn	1
Jn	1NAn	2 ð	1Þn	2

Jn	1NBn	2

 !
;

which directly gives recurrences (39). &

Lemma 3. Let q; tACp satisfy B0ðqktÞNðqktÞa0 for all kAN; then

AnBnþ1 	 Anþ1Bna0 8nAN ð40Þ

and thus the sequences ðAnÞ and ðBnÞ are linearly independent solutions of recurrence

(39).

Proof. From formula (38) we get

Pn ¼ ðJnP0ÞðJn	1P0ÞyðJP0ÞP0: ð41Þ
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Using the determinants

det JkP0 ¼ det
	JkA0 JkB0

JkN 0

 !
¼ 	JkB0JkN

we get

detPn ¼ ð	1Þnþ1½B0�nþ1½N�nþ1 ð42Þ

and from (37) it follows

detPn ¼ JnNðAnBn	1 	 An	1BnÞ ð43Þ

giving

AnBn	1 	 An	1Bn ¼ ð	1Þnþ1½B0�nþ1½N�n: ð44Þ

Hence (40) follows. &

5. Proof of theorems

Let F : Cp-Cp be a solution the functional equation

tsMðtÞFðq2tÞ ¼ 	TðtÞFðqtÞ þ SðtÞFðtÞ; sAZþ ð45Þ

of lowest order, where MðtÞ;TðtÞ;SðtÞACp½q; t�: We shall set

anðtÞ ¼ tsqsðn	1ÞMðqn	1tÞSðqntÞ; bnðtÞ ¼ TðqntÞ; ð46Þ

where

SðtÞ ¼
Xh

k¼0

Sktk; TðtÞ ¼
Xl

k¼0

Tktk; MðtÞ ¼
Xm

k¼0

Mktk:

Theorem A. Let sX1; M0S0T0a0; jS0jpp1 and q; tACp; jqjpo1: If MðqktÞSðqktÞa0

for all kAN; then

K
N

n¼1
b0ðtÞ

anðtÞ
bnðtÞ

����
� �

¼ SðtÞ FðtÞ
FðqtÞ; ð47Þ

where FðtÞ is a solution of the functional equation (47), satisfying FðqtÞa0 and an

upper bound condition jFðtÞjppLp in a neighbourhood of zero with some LpARþ:

Proof. First we consider the function

HðtÞ ¼ FðtÞ
YN
n¼0

SðtqnÞ;
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which satisfies the functional equation

NHðq2tÞ ¼ 	A0HðqtÞ þ B0HðtÞ;

A0ðtÞ ¼ TðtÞ; B0ðtÞ ¼ 1; NðtÞ ¼ tsMðtÞSðqtÞ: ð48Þ

Using (33) we get

Rn ¼ Bn

HðtÞ
HðqtÞ 	 An ¼ ð	1Þn½N�nþ1

Hðqnþ2tÞ
HðqtÞ : ð49Þ

By Lemma 3 there exist an infinity of n such that BnðtÞa0 and so we may study the
convergence of An=Bn towards HðtÞ=HðqtÞ by

HðtÞ
HðqtÞ 	

An

Bn

¼ ð	1Þn tsðnþ1Þqsðnþ1
2

Þ½MðtÞ�nþ1Fðqnþ2tÞ
BnðtÞFðqtÞ : ð50Þ

Here jFðqnþ2tÞjppLp; when n is big enough, say nXK1; because the upper bound of

FðtÞ near zero. Also there exists an upper bound L0
pAN such that

j½MðtÞ�nþ1jppL0
pjM0jnþ1

p 8nXK2 ð51Þ

because the product

M	n	1
0 ½MðtÞ�nþ1-M 0

pðtÞ ¼
YN
k¼0

MðqktÞ
M0

;

goes to a limit M 0
pACp for every q; tACp and jqjpo1:

So in the numerator of (50) the term qsðnþ1
2

Þ determines the convergence while in
the denominator we have to study the behaviour of BnðtÞ:

Lemma 2 gives our starting point which will be the recurrence

BnðtÞ ¼ TðqntÞBn	1ðtÞ þ tsqsðn	1ÞMðqn	1tÞSðqntÞBn	2ðtÞ ð52Þ

satisfied by ðAnÞ; ðBnÞ and ðRnÞ:
(1) The complex case C

We shall consider the asymptotic behavior of BnðtÞ by using Poincaré–Perron
Theorem [17]. First we note that

TðqntÞ-T0; SðqntÞ-S0; MðqntÞ-M0: ð53Þ

Hence the associated recurrence equation of (52) will be

Bn ¼ T0Bn	1; ð54Þ

having the characteristic equation

Z2 ¼ T0Z ð55Þ

with roots a ¼ T0 and b ¼ 0: Here aab and thus Poincaré–Perron Theorem [17]
gives two linear independent solutions ðEnÞ and ðFnÞ of (52) such that

Enþ1

En

-a;
Fnþ1

Fn

-b: ð56Þ
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By (56) we know that for a given dARþ; ð0odo1Þ there exist b1 ¼ b1ðdÞ; b2 ¼
b2ðdÞARþ and K3 ¼ K3ðdÞAN such that

b1ð1	 dÞnjajnpjEnjpb2ð1þ dÞnjajn 8nXK3 ð57Þ

and

jFnjpb2d
n 8nXK3: ð58Þ

From (49) we know that for any given eARþ there exist b3 ¼ b3ðeÞARþ and K4 ¼
K4ðeÞAN and such that

jRnjpðb3jqjsn=2Þnpen 8nXK4: ð59Þ

If now

Bnþ1

Bn

-b ð60Þ

then there exist b4 ¼ b4ðeÞARþ and K5 ¼ K5ðeÞAN such that

jBnjpb4en 8nXK5: ð61Þ

By (49)

An ¼ H 0Bn 	 Rn; H 0AC;

and so there exists b5 ¼ b5ðeÞARþ such that

jAnjpb5en 8nXK6 ¼ maxfK4;K5g: ð62Þ

Because ðAnÞ and ðBnÞ form a basis for the solution space of recurrence (52) we get to
any solution Cn ¼ aAn þ bBn the upper estimate

jCnjpb6en 8nXK6 ð63Þ

for some b6 ¼ b6ðeÞARþ which clearly contradicts (56). Hence for a given dARþ;

ð0odo1Þ there exist K ¼ KðdÞAN and b7 ¼ b7ðdÞ; b8 ¼ b8ðdÞARþ such that

b7ð1	 dÞnjajnpjBnjpb8ð1þ dÞnjajn 8nXK ð64Þ

and also

b7ð1	 dÞnjajnpjAnjpb8ð1þ dÞnjajn 8nXK : ð65Þ

Taking n enough big in (64), formula (50) implies

HðtÞ
HðqtÞ 	

An

Bn

����
����pjtsðnþ1Þqsðnþ1

2 ÞMnþ1
0 jL0

N
LN

b7ð1	 dÞnjT0jnjFðqtÞj 8nXK : ð66Þ

(2) The p-adic case Cp

Again we shall consider recurrence (52)

BnðtÞ ¼ TðqntÞBn	1ðtÞ þ tsqsðn	1ÞMðqn	1tÞSðqntÞBn	2ðtÞ

with K7 such big that

jTðqntÞBn	1ðtÞjp4jtsqsðn	1ÞMðqn	1tÞSðqntÞBn	2ðtÞjp 8nXK7 ð67Þ
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giving

jBnðtÞjp ¼ jTðqntÞBn	1ðtÞjp 8nXK7: ð68Þ

Hence

jBnðtÞjpXb9jT0jnp 8nXK7: ð69Þ

Similarly to (66) we have

HðtÞ
HðqtÞ 	

An

Bn

����
����
p

p
jtsðnþ1Þqsðnþ1

2
ÞMnþ1

0 jpL0
pLp

b9jT0jnpjFðqtÞjp
8nXK : ð70Þ

Together (66) and (70) imply

lim
n-N

An

Bn

¼ HðtÞ
HðqtÞ ð71Þ

uniformly with respect to variable t in every bounded subset of Cp for all p finite or

infinite.
Let

bn ¼ JnTðtÞ; anþ1 ¼ JnNðtÞ; 8nAN;

then ðAnÞ and ðBnÞ satisfy the recurrence

Anþ2 ¼ bnþ2Anþ1 þ anþ2An 8nAN ð72Þ
with initial values

A0 ¼ b0; A1 ¼ b0b1 þ a1; B0 ¼ 1; B1 ¼ b1: ð73Þ
By (72) and (73) we deduce that An and Bn are the numerator and the denominator,
respectively, of the nth convergent of the continued fraction

K
N

n¼1
b0ðtÞ

anðtÞ
bnðtÞ

����
� �

for every nAN: Thus

K
N

n¼1
b0ðtÞ

anðtÞ
bnðtÞ

����
� �

¼ HðtÞ
HðqtÞ: ð74Þ

Hence (74) implies

K
N

n¼1
b0ðtÞ

anðtÞ
bnðtÞ

����
� �

¼ SðtÞ FðtÞ
FðqtÞ: & ð75Þ

To prove Theorem 1 we have to solve the functional equation (11).
Let us define the orbits

IðtÞ ¼ ftqnjnAZg; tACp;

and the index set O ¼ f0g,ftACpjjqjpojtjpp1g; which make up a partition of Cp

that is
‘

oAO IðoÞ ¼ Cp: Given q; tACp and any initial values

FðtÞ;FðqtÞACp
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then the functional equation (11) has unique solution FðtÞ on the orbit IðtÞ; if

MðqktÞa0 for all kAZ: Thus it should be noted that the functional equation (11) has
even non continuous solutions.

However, now we look for the Frobenius series

FðtÞ ¼
XN
n¼0

gntnþx; g0 ¼ 1; xACp

solution of

tsFðq2tÞ ¼ 	ðT0 þ?þ Tlt
lÞFðqtÞ þ ðS0 þ?þ ShthÞFðtÞ: ð76Þ

Let E be the shifting operator Egn ¼ gnþ1: Readily, the comparison of equal
exponents in (76) gives

0 ¼ ð	T0qx þ S0Þg0 3 qx ¼ S0=T0 ð77Þ

and

ðSðE	1Þ 	 qnþxTðq	1E	1Þ 	 q2n	2sþ2xE	sÞgn ¼ 0 8nAZ; ð78Þ

where we put gm ¼ 0 for all mAZ	: Hence

ðT2
0 ðS0 þ?þ ShE	hÞ 	 S0T0qnðT0 þ?þ Tlq

	lE	lÞ

	 S2
0q2n	2sE	sÞgn ¼ 0 8nAN; ð79Þ

which is equivalent to

S0T2
0 ð1	 qnÞgn þ T0ðS1T0 	 S0T1qn	1Þgn	1 þ?

þ ðSsT
2
0 	 S0T0Tsq

n	s 	 S2
0q2n	2sÞgn	s þ?

þ T0ðSkT0 	 S0Tkqn	kÞgn	k ¼ 0 k ¼ maxfh; lg ð80Þ

for all nAZ: The associated recurrence of (80) will be

S0gn þ S1gn	1 þ?þ Skgn	k ¼ 0 ð81Þ

with the characteristic equation

S0X h þ S1X h	1 þ?þ Sh ¼ 0: ð82Þ

If Sha0 for some hX1; then Eq. (82) possess a root system such that
ja1jX?Xjahj40 and thus Poincaré–Perron Theorem [17] shows that every solution
of (80) satisfies

jgnjpðb10ja1jÞn 8nAN ð83Þ

for some b10ARþ: Thus the series

GðtÞ ¼
XN
n¼0

gntn; g0 ¼ 1;

presents an analytic function in some disk Dð0; rÞAC of positive radius r:
The p-adic counterpart goes by elementary estimations.
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If h ¼ 0; then

gn ¼ qn	l

T2
0 ð1	 qnÞ

ðT0T1ql	1gn	1 þ?

þ ðT0Tsq
l	s þ S0qnþl	2sÞgn	s þ?þ T0Tlgn	lÞ: ð84Þ

So

gn ¼ q½tn2�

ðqÞn

hn; t ¼ 1

2 maxfs; lg þ 1
; ð85Þ

where

jhnjppbn
11 ð86Þ

for some b11ARþ: Hence the series GðtÞ determines an entire function in Cp: &

Proof of Corollary 2. Now we have s ¼ 1 and

SðtÞ ¼ Aq þ Bqt ¼ S0 þ S1t;

TðtÞ ¼ C þ Dt ¼ T0 þ T1t:

Thus qx ¼ Aq=C and

gk ¼ A2q2k	1 þ ACDqk	1 	 BC2

AC2ð1	 qkÞ gk	1; ð87Þ

which gives

GðtÞ ¼
XN
n¼0

Qn
k¼1ðA2q2k	1 þ ACDqk	1 	 BC2Þ

ðqÞn

t

AC2

� �n

: ð88Þ

By Theorem 2 we get

K
N

n¼1
C þ Dt

Aqnt þ Bq2nt2

C þ Dqnt

����
��

¼ ðAq þ BqtÞ GðtÞ
qxGðqtÞ;

which is (15) with (16) when B ¼ 0: If Ba0; then we factor the numerator in (88) to
get

GðtÞ ¼
XN
n¼0

ðgÞnðlÞn

ðqÞn

	Bt

A

� �n

;

which is (17), where

l ¼ A

2BC
ðD þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4Bq

p
Þ; g ¼ A

2BC
ðD 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 4Bq

p
Þ:
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Finally using Heine’s transformation

2F1

a; b

c

����x
� �

¼ ðc=bÞ
N
ðbxÞ

N

ðcÞ
N
ðxÞ

N

2F1

abx=c; b

bx

����cb
� �

ð89Þ

(see [4, 10.10.1]) we have

GðtÞ ¼ ð	Blt=AÞ
N

ð	Bt=AÞ
N

HðtÞ

¼ ð	Blt=AÞ
N

ð	Bt=AÞ
N

XN
n¼0

ðlÞnqðn
2
Þ

ð	Blt=AÞnðqÞn

gB

A
t

� �n

: ð90Þ

Identity (90) proves (18) with (20), which reduces to (19), when B ¼ 0:
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